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We study a set of new functionals (called entanglement-breaking indices) which characterize how many local iterations of a given (local) quantum channel are needed in order to completely destroy the entanglement between the system of interest over which the transformation is defined and an external ancilla. The possibility of contrasting the noisy effects introduced by the channel iterations via the action of intermediate (filtering) transformations is analyzed. We provide some examples in which our functionals can be exactly calculated. The differences between unitary and non-unitary filtering operations are analyzed showing that, at least for systems of dimension d larger than or equal to 3, the non-unitary choice is preferable (the gap between the performances of the two cases being divergent in some cases). For d = 2 (qubit case) on the contrary no evidences of the presence of such gap is revealed: we conjecture that for this special case unitary filtering transformations are optimal. The scenario in which more general LOCC operations are allowed as filtering transformations is also considered. In this context we exactly solve the case of a depolarizing noise acting on a two-qubit system.
I. INTRODUCTION
The theory of quantum channels [1, 2] is one of the cornerstones of the growing framework of quantum information [3] . The reason for this centrality is that a quantum channel is the natural description of the general dynamics of an open quantum system. That is, every external noise acting on a quantum system can be modeled through a suitable quantum channel, which transforms states of a quantum system in other states of the same system. From a mathematical point of view, a quantum channel can be thought of as an unitary interaction with an external environment which is discarded (Stinespring representation), as an intrinsic operation involving only operators acting on our system (Kraus representation), or as an abstract linear, completely positive, tracepreserving superoperator (axiomatic approach).
While on one hand the theory of quantum channels is the fundamental paradigm to model the noise acting on quantum systems, on the other hand one of the most important resources that can be stored (and subsequently deteriorated) in the same systems is the quantum entanglement [4] . The power of this genuinely new effect, which has no counterpart in the classical world, is one of the main reasons for the interest of the scientific community in quantum information. Therefore, it is important to base a classification system of the noise introduced by a quantum channel only on its local action on the entanglement of a bipartite system.
Following the guidelines of Ref. [5] , we consider here those system whose noise can be thought of a single elementary process which is iterated step by step, as the (discretized) time goes on. A fundamental assumption, which is generally well-founded from the experimental point of view, is that the various elementary steps are completely independent with each other. With this hypothesis, the action of the noise becomes a stroboscopic Markov process and can be modeled by the nfold iteration of a given quantum channel. The main goal of this paper is to develop some functionals (called entanglement-breaking indices) which characterize how many local iterations of a given channel are needed in order to completely destroy the global entanglement. In particular, we will consider the possibility of improving the performance of the system via the action of filtering operations [5] , i.e. quantum channels which are introduced between two consecutive iterations of the noise with the purpose of protecting the entanglement in the system. Our endeavor is somehow related to the idea of quantum subdivision capacities recently introduced by Müller-Hermes, Reeb, and Wolf in Ref. [6] . These Authors considered the possibility of improving the quantum capacity [1] associated with the time evolution of an assigned dynamical semigroup, by interfering with the induced noise via the action of intermediate coding/decoding operations which are applied while the noise is still tampering the system, not just before/after it has already affected the communication. As a matter of fact, our filtering operations can be seen as special instances of such intermediate operations. Differently from [6] however, in this paper we focus on single channel uses scenarios where strategies that involve parallel encodings over multiple channel uses are not permitted. Furthermore, while Ref. [6] deals with maps which are infinitely divisible and focuses on the continuous time-evolution limit, our approach applies to iterations of arbitrary (not necessarily divisible) channels which operate on a stroboscopic fashion. Last but not the least, the figure of merit we analyze (i.e. the entanglement-breaking property of a given concatenation of transformations) is stronger than simply requiring that the associated quantum capacity is null.
Examples of quantum channels that allow for filtering transformations which protect the breaking of entanglement induced by the noise, have been provided in Refs. [5, 7] and classified under the name of amendable channels. In the present work we clarify several technical aspects associated with the filtering arXiv:1411.2517v2 [quant-ph] 21 Nov 2014 process showing that it is strongly influenced by the surrounding assumptions. In particular we prove that unitary filtering is in general not optimal at least when the dimension d of the system of interest is larger than or equal to 3. For d = 2 (qubit case) however this seems not be the case and we conjecture that for this special case unitary filtering transformations provide the best protection under the iterations of the noise.
In what follows greek letters such as φ or ψ will typically denote quantum channels; the operation of composition, simply denoted by the juxtaposition φψ, indicates the channel resulting from the consecutive application of ψ firstly, and of φ secondly, while we shall use the symbol φ n to represent the n-fold concatenation of a given channel φ. The notation CPt d stands for the set of linear, completely positive, trace-preserving maps acting on states of a d-dimensional system. Instead, the restricted set of unitary operations will be denoted by U d .
In Sec. II we start by formalizing the notions of entanglement-breaking indices and of filtering operations, and discuss some basics properties. In Sec. III we present few examples of channels for which explicit expressions for the indices can be obtained. Sec. IV and Sec. V instead deal with the difference between unitary and non-unitary filtering operations. In particular in Sec. IV we show that for systems of dimension d greater than or equal to 3, there are cases in which non-unitary filters perform much better than the unitary ones. In Sec. V we conjecture that this should not be the case for systems of dimension 2 (i.e. a qubit), providing evidences and some preliminary results. Finally, in Sec. VI we address the case where arbitrary Local Operations and Classical Communication (LOCC), or even separable [4, 8] protocols, are allowed to be used as filtering transformations. Conclusions and remarks are presented in Sec. VII.
II. ENTANGLEMENT -BREAKING INDICES
In this section we introduce the functionals to be studied through the rest of the paper. Our setup is as follows: Alice and Bob share an entangled state, but Alice's half of the global system is repeatedly affected by some noise represented by the quantum channel φ. Alice and Bob are supposed to be not able to communicate with each other (neither with classical nor with quantum means). Of course, this is a significant restriction, and other more sophisticated scenarios could be considered. For example, we could allow Alice and Bob to communicate with a classical device. We will discuss some nontrivial facts about this framework in the Appendix.
Our first concern is to recall some basic facts about the entanglement-breaking channels, being these a fundamental tool in our approach.
A. Entanglement-Breaking Channels
A particularly noisy class of quantum channel is composed of those transformation that always produce a global separable state when applied locally to a generic input state. These maps are called entanglementbreaking, and their set will be denoted by EBt (possibly with the subscript d if we want to specify the dimension of the system on which we are acting). It is worth noting that EBt, just like CPt, is a compact convex set. Moreover, it turns out from the very definition that
The fundamental characterization theorem concerning the entanglement-breaking channels is proved in [9] . It states that the following facts are equivalent:
• the channel φ is entanglement-breaking;
• the Choi state (φ ⊗ I)(|ε ε|), with |ε maximally entangled state, is separable (i.e. it can be written as a convex combination of product states);
• and there exists an operative measurement + repreparation interpretation of the form
where the {ρ i } are density matrices, and the positive operators {E i } satisfy the sum rule i E i = 1. This expression is called Holevo form [10] .
Let us take a close look to the qubit case. A generic state of a two-dimensional system can be written in the Bloch sphere representation as
where σ = (X, Y, Z) denotes the vector of Pauli matrices, and | r| ≤ 1. The pure states are exactly those states ρ whose associated vector r has unit modulus. Now, the action of a quantum channel φ is completely specified by the 3 × 3 real matrix M and the 3-dimensional vector c such that
Consequently, we will sometimes indicate the channel φ with the notation (M, c). If |ε = (|00 + |11 )/ √ 2 is the maximally entangled state of two qubits, we can write the remarkable equality
Thanks to (5), the Choi state associated to (M, c) takes the form
(6) If the channel is unital (that is, c = 0), the entanglementbreaking condition (i.e. the separability condition for R (M,0) ) becomes extremely simple [11, 12] :
Here we used the standard notation
for the Schatten norm of index 1 ≤ p ≤ ∞.
B. Entanglement-Breaking Indices
As previously stated, the main goal of this paper is to classify the amount of noise introduced by a quantum channel only by means of the effect of its local iterations on a global bipartite entanglement. The first step in our approach is the identification of some interesting functionals (which we call indices because they are integer-valued) defined on the set of quantum channels. We postpone our comments after the mathematical definition.
Definition 1 (Entanglement-Breaking Indices).
Let φ ∈ CPt be a quantum channel. Define
For an EB channel all these indices are set equal to 1 by definition. Moreover, it is implicitly understood that the minimum of an empty set and the maximum of an unlimited set should be posed equal to +∞, which becomes in this way a legitimate value of the functionals defined. We call filters the maps used between repeated applications of a channel to reduce its entanglement-breaking properties (the U's of (10) or the ψ's of (11)). Given a subset of filters F ⊆ CPt, one can consider more generally the restricted filtered index:
Obviously, equation (12) reduces itself to (10) if F = U, and to (11) if F = CPt, respectively.
Several observations and explanations are necessary. These functionals represent an inverse measure of the noise introduced in the system by a given channel. The smaller is the value of the index, the more dangerous for the entanglement is the action of the channel. For example, all these indices assume the value 1 for entanglement-breaking channels and +∞ for the unitary transformations.
Firstly, let us discuss the direct n-index defined by (9) , since it is the most intuitive one. It is nothing but the smallest number of direct, serial applications of a given channel such that the global transformation becomes entanglement-breaking. In this situation Alice plays no role against the noise. Her subsystem simply suffers it a few at a time, and there is no possibility to contrast or delay its action. This quantity already appears in [5] , though it is indicated by n c there; we adopt the shorthand n.
The other functionals are filtered indices. This means that Alice chooses to play an active role against the noise affecting her subsystem. Her strategy consist of the application of some filters between an action of the noisy channel and the subsequent one. A filter is nothing but a (local) quantum channel that is chosen by Alice in such a way as to preserve the entanglement with Bob as best as she can. There are mainly two possible scenarios.
• In (10), we consider only unitary filtering maps U i (allowing them to be changed from time to time).
• In (11) we optimize over all the possible sets of CPt operations implemented by Alice. In other words, we admit the possibility that non-unitary filters ψ i are used.
C. Elementary Properties
Our first concern is the analysis of the elementary properties of these entanglement-breaking indices. Their proofs (which we omit for the sake of brevity) are directly related to the operational meaning of our functionals, as outlined in the previous section. Let us group all together in a proposition:
Proposition 1 (Elementary Properties).
Let φ ∈ CPt be a quantum channel. Then the following properties hold.
Unitary conjugation: If U, V ∈ U are unitary evolutions, then
Composition with generic channels: Let ψ ∈ CPt be another quantum channel. Then
Here the commas denote alternative options.
Elementary inequalities: The following elementary inequalities hold:
Examples of maps which exhibit a finite gap between n(φ) and N U (φ) were first given in Refs. [5, 7] (these maps were called amendable).
Reduction to the extreme points: Denote by C(F ) the convex hull of a certain set of filters F ⊆ CPt. Consider the extreme points eC(F ) of the convex set obtained. Then
Now, let us analyze some less trivial properties of our indices. Recall that every quantum channel ψ (in particular, the filters involved in (11)) admits a Stinespring representation. In other words, ψ can be seen as the (non-unitary) restriction of a global unitary evolution in a greater system. We can exploit this physical property in order to reduce the set of filters to only the unitary ones. However, this is done at the price of expanding the dimension of the system. In the following, suppose that our system has dimension d. Consider another "environment" E of dimension d 2 , and denote by |0 ∈ H E a pure state of E. The associated completely depolarizing channel D 0 ∈ EBt d 2 acts by definition as
With these preliminary discussion, we can prove the following theorem.
Theorem 2 (Stinespring Dilation of Filtered Indices).
Let φ ∈ CPt d be a quantum channel. With the notation of (18), one has
Proof. Consider a filtering strategy φψ 1 φ . . . φψ n−1 φ implemented by Alice. Take the global unitary evolutions
) which represent the filters ψ i in Stinespring form:
In the previous equation the first degree of freedom corresponds to our system, while the second one is the (fictitious) environment. We will maintain this notation in what follows. As can be easily seen, for each n ≥ 1 we can write
Indeed, consider for example the case n = 2 :
Moreover, it is worth noting that to each unitary family { U i } ⊆ U d 3 we can associate a corresponding family (20) is satisfied. Since D 0 is a completely depolarizing channel (i.e. its images are all proportional to a fixed matrix), it can be immediately verified that for each
Therefore, we can directly prove (19) :
III. EXAMPLES
Through this section, we present a large variety of explicit, nontrivial examples of channels for which some entanglement-breaking indices can be calculated. This will help to explain the meaning of Definition 1, and to become acquainted with it.
In what follows we will use extensively the Bloch sphere representation (4) of the qubit (i.e. d = 2) channels. For unital qubit channels φ = (M, 0), observe that (7) implies the simple equality
The first example of calculation of the direct n-index is presented in Ref. [5] . We report it here for the sake of completeness.
Example 1 (n-Index of Generalized Amplitude Damping Channels).
A fundamental physical process involving a system coupled to an environment in a thermal state is the spontaneous emission. In the case of a single qubit, this process can be described by a generalized amplitude damping (GAD). The set of GADs is parametrized by the two real numbers 0 ≤ p ≤ 1 and 0 ≤ γ ≤ 1, linked to the time the interaction takes (or to its intensity) and to the temperature of the environment, respectively (see [13] , p. 382).
The action of a GAD on a given qubit state can be written as follows:
.
(22) As usual, (4) allows us to write the Bloch representation GAD p,γ = (M p,γ , c p,γ ), where
The composition rules of the GADs can be easily deduced for example by means of equation (23) . It turns out that
In particular,
Now, let us concern ourselves about the entanglementbreaking properties of the GADs. By applying the Positive Partial Transpose (PPT) condition [14, 15] to the Choi state associated to GAD p,γ , the range of p, γ which identifies an entanglement-breaking behavior can be easily deduced:
That said, we can easily calculate the direct n-index for the set of generalized amplitude damping channels. Indeed, (26) together with (27) implies that
where the ceiling function · is defined by
In (28), we have supposed p > 0; otherwise, we immediately know that n(GAD 0,γ ) ≡ 1. Moreover, observe that (28) returns n = ∞ as soon as γ = 1 (with p > 0). The GADs with γ = 1 are often called simply amplitude damping, and correspond to the modelization of a spontaneous emission interaction with an environment at zero temperature.
A pictorial representation of the regions of the space p, γ identified by equation (28) can be found in FIG. 1 -see also Ref. [5] . The previous example focused on the qubit case. However, there exists another famous class of channels acting in arbitrary dimension for which the entanglementbreaking properties can be studied analytically.
Example 2 (n-Index of Depolarizing Channels).
The depolarizing channels are defined through a simple operative procedure on Alice's d-dimensional system. This procedure could be seen as the interaction with an environment, as usual, but it can be more simply visualized by involving a third human agent, named Eleonore. Eleonore takes Alice's state ρ and secretly rolls a dice. Depending on the outcome of the dice, she gives back the system to Alice without performing any operation (with a certain probability λ), or she discards Alice's state and replaces it with the maximally mixed one 1 d (with probability 1 − λ). In any case, Alice does not know the outcome of the dice. Clearly, from her point of view, the state of the system transforms as follows:
The depolarizing channels are thus defined by
where
It can be easily seen that the range of the parameter λ in (30) is chosen in such a way as to guarantee that ∆ λ is always a completely positive (trace-preserving and unital) map. Observe that also a (little) range of negative values is allowed; this would not fit into our probabilistic operative definition, but this is going to be irrelevant. The laws of composition of the depolarizing channels are very simple:
The class of depolarizing channels is important because its entanglement-breaking properties can be studied analytically. Indeed, in [16] it is proved that
Thanks to (33), we can explicitly compute the actual value of the n-index for a depolarizing channel in arbitrary dimension. We are free to suppose 0 < λ ≤ 1, since the values λ ≤ 0 are immediately known to correspond to entanglement-breaking channels. Then we have Until this time, the discussion focused mainly on the n-index. Now, let us jump on the opposite side of the inequality (16) . Because of the fact that a minimization over the entire set of CPt channels is required, the N -index could seem a difficult functional to calculate in practice. Let us make an example to show that this is not always the case.
Example 3 (N -Index of Depolarizing Channels).
In Example 2 we introduced the important class of the depolarizing channels, acting on arbitrary d-dimensional systems (see (30)). We saw in (34) that it is possible to calculate their n-index. However, the question remains open, if it is possible to enhance the entanglement preservation by means of the application of some filtering map. In other words, what can Alice do in order to preserve as much as possible the entanglement with Bob against the noisy action of Eleonore? The answer to this question is simple: she can do nothing. This is the same as to say that all the entanglement-breaking indices are equal when calculated on a depolarizing channel:
In what follows, we suppose as usual λ > 0; otherwise, the depolarizing channels are already entanglementbreaking.
Proof of (35). Since (34) and (16) hold, in order to prove (35) it suffices to show that
Actually, the equality n (∆ λ ) = N U (∆ λ ) can be seen as a direct consequence of the fact that the depolarizing channels commute with all the unitary evolutions:
Indeed, one could take (36) as the defining property of the ∆ λ s. However, the behavior of N (∆ λ ) is a priori not obvious.
With the same notation as in (31), it can be easily proved by induction that
Moreover, since ∆ λ n is entanglement-breaking, and (1) holds, we must have for every 1 ≤ i ≤ n − 1
The generalization of (38) for the "degenerate case" i = 0 can be immediately written as
With (37), (38) and (39) at hand, it can be explicitly proved that
Now, we can conclude. In fact, the right-hand side of (40) is a convex mixture of the entanglement-breaking channels (38) and (39). Since the set EBt d is convex, we deduce that
IV. UNITARY VS. NON-UNITARY FILTERING
The direct n-index can be computed with a relatively easy and efficient algorithm. Given a channel φ, we construct the Choi states R φ n and test their separability. The first R φ n which turns out to be separable corresponds exactly to n = n(φ). Even if deciding whether a given bipartite state is separable or not is very difficult (the separability problem is known to be NP-hard [4] ), one could easily get lower bounds by means of some necessary separability criteria and upper bounds by means of the sufficient criteria.
However, the situation is radically different for the filtered indices N U , N . In that case there seems to be no a priori efficient algorithm allowing their calculation. Indeed, it must be remarked that the defining equations (10) and (11) all involve a nontrivial optimization over the whole (infinite) set of completely positive or unitary channels. Because of the potentially infinite number of possibilities one has to check, the task of calculating the actual value of any filtered infinitely many possible filtering strategies.
Interestingly enough, we examined the explicit class of depolarizing channels in arbitrary dimension, for which all the entanglement-breaking indices can be analytically calculated (see Example 3). The result of this calculation was clear: for a depolarizing channel n = N U = N . In this context, as already observed, the equality n = N U has to be seen as a mere consequence of the incidental property (36). However, one could think that the other equality N U = N is more fundamental. What should be the intuitive meaning of this equality?
The filtering maps appearing in Definition 1 play the role of preserving as much as possible the entanglement between Alice and a Bob. From the point of view of the Stinespring representation, every non-unitary filter acting on A can be simulated by an unitary operation on a larger system AE (E being an external environment). This viewpoint has been already exploited in stating Theorem 2. Anyway, because of this global unitary evolution, some of the entanglement initially present between A and B is wasted to create uncontrolled, apparently useless quantum correlations with E. This invariably weakens the link between Alice and Bob. Anyway, all that can be avoided if Alice chooses to use only unitary filters. Thanks to this discussion, one could conjecture that the optimal filtering strategy might involve, after all, only untary filters.
However, once again the properties of the quantum entanglement seem to fly in the face of our intuition. Indeed, although it could appear quite counterintuitive, this conjecture is in general false. In other words, it can happen that the best unitary filtering strategy is much less effective than a non-unitary one. We devote the rest of this section to the construction of an explicit example of this behavior, for all dimensions d ≥ 3.
Example 4.
In [17] , Werner introduces the
(41) Here, the symbol S denotes the swap operator, defined on a bipartite system by the equation
For the sake of simplicity, it is more convenient to make the substitution
by means of which one has
In what follows we shall adopt η as our parameter. Remarkably, Werner proved that the precise range of η (or ϕ) can be determined, for which χ η is separable:
We highlight that (43) is a great conceptual achievement, because of the intrinsic difficulties one encounters when dealing with the separability problem in generic dimension. We can move the whole power of (43) into the world of quantum channels, thanks to the ChoiJamiolkowski isomorphism φ ↔ R φ . The Choi dual of (42) is
(44) This equation defines a one-parameter set of CPt d quantum channels, just like (30). We adopt the standard notation of (31), and indicate with T the matrix transposition. Moreover, (43) becomes
It is worth noting that these Werner channels V η obey simple rules of composition, which complete (32) :
Moreover, an equality analogous to (36) holds:
If U(X) = U XU † , here we indicate with U * the channel U * (X) = U * XU T (which is nothing but the conjugation by U * ). Although it is not immediately obvious, the channels (30) and (44) are unitary equivalent for the qubit case d = 2. More precisely, the fortuitous equality
(where Y indicates the conjugation by the second Pauli matrix, and T the matrix transposition, as usual) allows us to prove that
Because of (49), the qubit case does not deserve any further attention; we analyzed it in Examples 2 and 3. On the contrary, for d ≥ 3 these two sets of channels are truly different. Observe in fact that
Thanks to (46) and to (45), this is the same as to say that
But not only: provided that d ≥ 3, (47) (together with (51)) implies that there is no unitary filter we can use in order to prevent the complete destruction of the entanglement after two iterations. Indeed, if U is an unitary evolution,
Observe that we used also (1) in the last passage. In other words, we have proved that
Therefore, whatever unitary filtering strategy is in the present case demonstrably useless. Let us try another kind of quantum channel as a filter. In the following we shall deal only with the extreme case η = A more compact form of (54) can be written if one decomposes ρ as a block matrix
where A and C have sizes 2 × 2 and
In that case, denoting by X the first Pauli matrix, one has
(55) Observe that for every k ≥ 1 one has
Moreover, we have simply
Now, we claim that for every n ∈ N and d ≥ 3, one has
As a consequence,
Observe that equations (59) and (53) explicitly prove (for every d ≥ 3) that the non-unitary filtering strategies can be much better than the unitary ones.
Proof of (58). In order to prove (58), we will write the Choi matrix R T ξ corresponding to T ξ; here we have defined for short
Next, we will verify that R T ξ 0; the PPT criterion will imply that ξ / ∈ EBt, i.e. the thesis.
Firstly, write for the V η channels the analogous of the composition formula (37), with the same shorthand notation as in (31) :
In our case we have ψ 1 = . . . = ψ k−1 = ψ, k = 2n + 1 and η = 1 d−1 . Because of equations (56) and (57), (60) becomes
The Choi matrix R T ξ is a complicated object. However, we are interested only in proving that it is not positive definite. To this purpose, we can examine its restriction to the subspace spanned by { |00 , |11 }. Thanks to the properties of the Choi-Jamiolkowski isomorphism, we have
By applying repeatedly this identity and (55), one can see that
Therefore, there exists a ∈ R such that
the restriction R T ξ Span {|00 , |11 } can not be positive definite. This necessarily forbids R T ξ ≥ 0, and so T ξ / ∈ CPt. Thanks to the PPT criterion, we can conclude that ξ / ∈ EBt, i.e. (58).
Let us make the main point one more time. Example 4 shows that the optimal filtering strategy to be used by Alice against the local noise can be, as a matter of fact, nonunitary. From the physical point of view, we are claiming that Alice can be forced to introduce other (controlled) disturbances into her system, so as to save the entanglement with Bob. Moreover, equations (53) and (59) show that the difference between the best unitary strategy and the best non-unitary one can be dramatic. The former causes the almost immediate destruction of the entanglement, while the latter allows its unlimited survival. A similar non-optimality of unitary filtering operations was also observed in the context of quantum subdivision capacities [6] . All that may appear quite counterintuitive. However, a possible (albeit not rigorous) physical justification can be found by invoking an argument which has been introduced in the study of optimal recovery transformations [18] where, assigned a given dynamical semigroup, one is asked to identified the best output quantum data-processes that guarantee that the average output fidelity is maximal. The idea is as follows. Since quantum channels represent the occurrence of stochastic errors, in general they will tend to pump in entropy into the system (heating and diffusional processes) or, vice-versa, pump out entropy from the system (dissipative or cooling processes). In both cases, to fight such effects one needs to modify the entropy content of the state, i.e. again with dissipative or heating processes: unitary recovery operations appear not to be well suited for this purpose, as the best they can do is to concentrate the entropy extras or deficits into a specific subsystem, without removing them.
V. FILTERED INDICES FOR QUBIT CHANNELS
An amazing fact about the Example 4 in that it works only for d ≥ 3. This restriction comes from (51), and instills in us a glimmer of hope that things could be different, after all, for d = 2. For this reason, the following section is devoted to the investigation of the qubit case. In fact, the Bloch representation (4) can considerably simplify the theory for two-dimensional systems. An explicit example of this simplification is presented in Subsection V A. We continue our analysis by proposing a general conjecture in Subsection V B. Finally, some partial proofs of this conjecture are showed in Subsection V C and V D.
A. Unitary Filtered Index for Unital Qubit Channels
We begin by translating in our language and notation a result originally proved in [5] (although in a slightly weaker form). All that will solve the simplest problem of the calculation of N U for an unital qubit channel.
For the sake of clearness, we firstly recall some facts about the canonical diagonal form for a qubit quantum channel φ = (M, c). For details, we refer the reader to [19] and [20] . Let M = P DQ be a singular value decomposition of M , with P, Q orthogonal matrices. De-noting by {s i } the singular values of M , we have
In order to give a physical interpretation to this algebraic decomposition, it is not sufficient that P, Q are orthogonal, but it is necessary that P, Q ∈ SO(3) (i.e. they must be special orthogonal). Suppose that this does not happen, and examine the other cases.
If det P = det Q = −1 (and so det M ≥ 0) we can simply write M = (−P )D(−Q), in such a way that det(−P ) = det(−Q) = +1 and therefore −P, −Q ∈ SO(3).
On the other hand, if det P = −1 = − det Q or the converse (and so det M ≤ 0), we must modify D and write for example M =PDQ, with
This discussion should convince the reader that the best special singular value decomposition we can achieve is of (3) and
Here the symbol sgn denotes the sign function, defined by
Usually we shall suppose |s 3 | ≤ s 1 , s 2 , so that l 1 , l 2 ≥ 0 and only l 3 , which has the lowest modulus, can be negative. Once the decomposition M = O 1 LO 2 is obtained, we can define t ≡ O T 1 c and write
Here U, V are the unitary channels corresponding to O 1 , O 2 ∈ SO(3), and Λ ≡ (L, t) is the canonical diagonal form of φ.
Theorem 3.
Let (M, 0) ∈ CPt 2 be an unital qubit channel. Denote by M = O 1 LO 2 the special singular value decomposition of M . Then
Proof. The explicit expressions for n(L, 0) are direct consequences of (21), and of the elementary observation
On the other hand, the elementary property (14) ensure that
Consequently, the only nontrivial claim is that n(L, 0) ≥ N U (L, 0), so that the inequality in the previous equation is actually an equality. Thanks to (21), we have only to prove the p = 1 case of the following statement:
Indeed, (66) would imply that the channel (LO 1 L . . . LO n L, 0) must necessarily be entanglementbreaking if so is L n+1 . In what follows, we will use extensively the well-known Hölder inequality
Since L is diagonal, observe that for every 1 ≤ p ≤ ∞ and for every integer n ≥ 1 we can write
Then, the best way to prove (66) is by induction.
• For n = 1, thanks to the r = s = 2 case of (67) we have
where we used the unitary invariance of the Schatten norms, together with (68).
• Now, suppose that we have proved the inequality for every p and for n−1; we can apply Hölder again
We used, in order, (67), the unitary invariance of the Schatten norms, the inductive hypothesis, and (68).
It is worth noting that Proposition 3 gives us a simple procedure to calculate the unitary filtered index N U at least in the simplest case of unital qubit channels. In spite of the strict restriction it is subjected to, (65) is quite encouraging. In fact, it shows how the theory of the filtered indices can be simpler in the qubit case than in general, because of the low dimensionality of the system under examination.
B. Non-Unitary Filtered Indices for Qubit: a Conjecture
We have already observed that Example 4, showing the non-optimality of purely unitary fitering strategies, works only in dimension d ≥ 3. Consequently, one could ask himself, whether or not the unitary filters are optimal for qubit channels. This is the main content of the following conjecture.
Conjecture 1.
Let φ ∈ CPt 2 be a qubit channel. Then
Actually, Conjecture 1 claims something more, that is, it gives an explicit algorithm to calculate N U (and so N ) in terms of a single optimization over the set of unitary operations. This corresponds to say that the best unitary filtering strategy involves the iteration of a single unitary filter.
C. Divergent Filtered Indices for Qubit
An equality such as N U = N , which is the heart of Conjecture 1, is explicitly violated in dimension d ≥ 3. Example 4 shows that this violation can be dramatic, with N U = 2 and N = ∞. However, we will be able to show that such an extreme possibility can be ruled out in the qubit case. It must be remarked that this constitutes only a partial (though encouraging) proof of the conjecture under examination.
Actually, here we will present two different partial proofs.
On one hand, the first result states that N (φ) = ∞ is possible only if also N U (φ) = ∞, for all qubit channels φ; on the other hand, the second result claims that N U (φ) = 2 implies N (φ) = 2, for all unital qubit channels φ.
Theorem 4 (Proof of Conjecture 1 for Qubit Channels with N U = ∞). Let φ ∈ CPt 2 be a qubit channel. Then the following are equivalent.
4. The image of the Bloch sphere under the action of φ contains a pure state, and φ is not entanglementbreaking.
Proof.
1 ⇒ 2 : From the very Definition 1 it follows that If M ∞ = 1 we can immediately conclude, because of the following reasoning. Take an unit vector r such that |M r| = M ∞ = 1; since φ = (M, c) is a positive map, it must be |M r ± c| ≤ 1, and so
If M ∞ = 1, (70) implies that c = 0, and so that
is a pure state. Now, let us suppose M ∞ < 1. By hypothesis,
Consider the sequence of qubit channels ψ
; since its elements belong to the compact set CPt 2 , it must admit a limit point χ ∈ CPt 2 . Moreover, χ must be of the form χ = (0, s) (with |s| ≤ 1), because of the assumption M ∞ < 1. In fact, using the notation ψ
and
Observe that we have used the bound N (n) i ∞ ≤ 1, which descends directly from the analogous of (70). By the very definition of χ, it follows that the sequence of non-entanglement-breaking channels φψ
must belong to the boundary of the set of separable states, otherwise φψ
n−1 φ would be entanglement-breaking for sufficiently large n. This means that R φχ = R T B φχ can not be strictly positive definite (see equation (15.65) of [21] ). Instead, it must have at least a zero eigenvalue, that is, φ ( (1 + s · σ)/2 ) must be a pure state. In conclusion, we have found a pure state in the image of the Bloch sphere through φ.
⇒ 1 :
We can suppose without loss of generality that φ (|0 0|) is a pure state. Consider an unitary conjugation U ∈ U 2 such that Uφ (|0 0|) = |0 0|; we will prove that n (Uφ) = ∞. Let {M k } k be a Kraus representation of the qubit channel Uφ. The equality Uφ (|0 0|) = |0 0| is possible if and only if M k |0 ∝ |0 for all k. Then there exists a pure state |α such that Uφ (|0 1|) ∝ |0 α|; because of the trace-preserving property, we can chose |α = |1 , so that Uφ (|0 1|) = z |0 1| for some z ∈ C. Taking the hermitian conjugate, we obtain also Uφ (|1 0|) = z * |1 0|. Observe that it must be z = 0, otherwise we could write for all 2 × 2 matrices X
and Uφ (that is, φ) would be entanglementbreaking, by comparison with (2). This is explicitly forbidden by hypothesis, and we must conclude that z = 0. By iteration, the following equalities are valid for all n ≥ 1.
As a consequence, representing (I ⊗ (Uφ) n ) (|ε ε|) in the lexicographically ordered basis { |00 , |01 , |10 , |11 } we obtain
Since z = 0, the application of the PPT criterion reveals that (72) is an entangled state. Therefore, (Uφ) n is not entanglement-breaking for all n ≥ 1, that is, n (Uφ) = ∞.
While the proof of Theorem 4 is rather complicated, its meaning is pretty much clear. Specifically, at variance with the higher dimensional case, for qubit channels it is impossible to have N U = 2 while N = ∞ (see Example 4): instead if one filtered index reaches ∞, then the same happens to the other.
D. Conjecture 1 for Qubit: Simple Unital Case
The analysis presented in the previous section is clearly not sufficient to prove that Conjecture 1 is true (for instance, it is still possible that there exist counterexamples satisfying N U = 2 but 3 ≤ N < ∞). The restriction N U = 2 is reasonable, because it confines our analysis to the first nontrivial case. However, we will show that at least for unital qubit channels, if N U = 2, then also N = 2. As a consequence, there exists no unital counterexample to Conjecture 1 which satisfies the restriction N U = 2, as Example 4 did in the case of higher dimensions.
To prove this result we need a series of preliminary lemmas. In particular since we are looking for a upper bound on N , by the very definition (11) we will have to prove that a certain sequence of channels is entanglementbreaking. For this reason, the first task is to formalize a sufficient separability criterion which is capable to detect the absence of entanglement between two-dimensional systems. We use here a particular case of Proposition 3 in [22] . For the sake of clearness a simple proof is also given.
Proposition 5.
With the notation of (4) and (6), one has
Proof. By applying unitary evolutions to the left and to the right, we can suppose (M, c) reduced in canonical form (L, t) (see equations (64) and (63)). Then, we have only to prove that
If we could demonstrate that R T B (L,t) ≥ 0, then the PPT condition for separability in 2×2 systems would conclude the proof. This will be proved by showing that
Firstly, observe that the following elementary equalities hold:
Then, thanks to the triangular inequality, we have
Another technical result that will be useful through the rest of the section is the following.
Lemma 6.
Given a vector v ∈ R n , let us denote by [v] ∈ R n the vector obtained by taking the absolute value of the components of v, i.e.
[v] i ≡ |v i |. We claim that for each v ∈ R n and for each n × n real matrix A, there exists a special orthogonal matrix O ∈ SO(n) such that the two vectors
are linearly dependent. We denote by the symbol M i the ith row of the matrix M , as usual.
Proof. In what follows we will use the notation σ(X) to indicate the spectrum of the matrix X, with each eigenvalue repeated a number of times equal to its multiplicity. Now, note immediately that we are free to suppose v, A = 0, and so also (up to a rescaling constant)
Now, we prove that there exists O ∈ SO(n) such that
Now, consider a generic special orthogonal matrix O ∈ SO(3), and apply (80) with n equal to the ith row of the matrix OK, denoted by (OK) i . We have
Here N i denotes the ith row of a matrix N , as usual. Squaring and adding (81) for i = 1, 2, 3, one obtains
We will show that the sum in the expression above can be reduced to the product |Kc| KM 2 . In fact, we use Lemma 6 to choose an orthogonal matrix O such that
are linearly dependent vectors. In that case, the equality sign holds in the Cauchy-Schwartz inequality for their scalar product, yielding exactly
Finally, we can state the main result of this subsection:
Theorem 8 (Proof of Conjecture 1 for Unital Qubit Channels with N U = 2). Let φ = (M, 0) ∈ CPt 2 be an unital qubit channel such that N U (φ) = 2. Then also N (φ) = 2. Formally,
Proof. Denote by L the canonical form of M (see (64) and (63)). Then, the fact that N U (φ) = 2 can be translated, by (65), into the inequality
Take a generic filter ψ = (N, b) . In order to prove that N (φ) = 2, we want to show that φψφ = L(N, b)L = (LN L, Lc) ∈ EBt 2 . We will reach such a conclusion by applying (73); indeed, we will show that
First of all, thanks to the case p = 1, r = s = 2 of (67) and to (83), one has
Invoking Lemma 79, and using again (83), we can see that
Putting together (85) and (86), we obtain exactly (84).
Theorem 8 strengthens the possibility that Conjecture 1 could be true, by showing once again that there is nothing too similar to Example 4 in the d = 2 case. We stress however that the problem of deciding the validity of Conjecture 1 has been left open.
VI. LOCC FILTERS FOR QUBIT DEPOLARAZING CHANNELS
In the previous sections we considered only local filtering strategies, with Alice acting only on her subsystem with a certain quantum channel. However, other scenarios are equally interesting. For example, we could allow Alice and Bob to communicate with a classical device, but to perform only local quantum operations. This is what is usually called a LOCC scenario. In what follows, we will reserve capital greek letters such as Φ or Ψ to indicate global operations, while small letters will denote local channels, as usual.
In this context, we can make a further distinction between single-stage LOCC protocols, which involve single LOCC operations performed between the applications of two consecutive noisy channels, and multiple-stage LOCC protocols, which instead allow to record the result of a measurement among different filtering steps. For instance, consider a measurement performed on the system described by the operators {M i } i , a second set of measurements (again on the system) labeled by the index i and described by operators {N (i) j } j , and unitary matrices U ij . For a generic input state ρ and a local noisy channel φ, the state
is obtained through a multiple-stage LOCC protocol. Here we employed the notation M i (·) = M i (·)M † i (and the same for N ij and U ij ).
A remarkable feature of this new LOCC scenario is that a maximally entangled state could be not optimal for the entanglement preservation with respect to certain noise operations. That is, we cannot exclude a priori that there exists a local noise φ such that
but which admits a non-maximally entangled state |χ χ| and a LOCC filter Ψ 0 such that
Of course this fact in principle complicates remarkably the theory, by increasing the number of possible scenarios (yet, as in the case discussed in the main text, we always restrict the analysis to pure input states). Luckily enough for the depolarizing noise ∆ λ (see Eq. (30)), the situation is still treatable as cases similar to the one detailed above can be excluded. Indeed for these maps, starting with a maximally entangled state is always optimal.
Theorem 9.
Let ρ be a bipartite state, and −
and so also the second condition of (89) is met.
Theorem 9 shows that using a maximally entangled state is always optimal for a depolarizing noise, in the sense we clarified at the beginning of this appendix. Indeed, suppose for instance that
Take a generic input state |χ χ|; then for all LOCC filters Φ we find that
is a separable state (this is a trivial consequence of the fact that ΦΨ is still LOCC). Now, let us concentrate on the qubit case d = 2. The main result of this appendix is the proof that even multiple-stage LOCC filtering is completely useless when a depolarizing noise is acting locally on a single qubit. Interestingly enough, this is a significant improvement of (35), where only local, single-stage filtering is considered. Of course, we left open the problem for higher dimension, and it could be of some interest finding either an example of a LOCC improvement in the filtering strategies, or on the contrary a general proof that the LOCC operations are useless as far as depolarizing noise is concerned.
Firstly, we want to fix some notation. Following [25, 26] , we will indicate with EA (EAt) the convex set of entanglement-annihilating (and trace-preserving, respectively) maps acting on a bipartite system, that is, the set of maps that always produce a separable output regardless of what input state they are acting on. Since in what follows our bipartite system will be made of two qubits, it will be not necessary to specify the dimension with an appropriate subscript. Another useful convex class of channels acting on a bipartite system is that of separable (and trace-preserving) channels, denoted by S (St, respectively) [4, 8] . By definition, these channels always preserve the separability of states. Important examples of separable channels are the LOCC protocols (which again constitute a convex set); formally, LOCC ⊂ St (and it is known that the inclusion is strict). Some basic properties are summarized as follows.
In (94), the symbol P represents the set of positive maps acting on a two-qubit system. Next, let us introduce some mathematical tool in order to take advantage of our restriction to the qubit case. In [16] the reduction map
is introduced and studied. Let us recap some of the most important results.
• P is trace-preserving, thanks to the restriction to the d = 2 case.
• Although not positive in general (on the global bipartite system), P produces a well-behaved separable state when acting on a separable state. Formally, ρ ∈ S ⇒ 0 ≤ P (ρ) ∈ S .
As a consequence, we obtain Ψ ∈ EAt ⇒ P Ψ ∈ EAt .
• Since the equality P = T V 1 ⊗ I holds (see (44)), it follows from (46) that P commutes with the depolarizing channels. Moreover,
Now, we are ready to state the main theorem of this appendix. Although it could be regarded as purely technical, this tool will turn out to be fundamental in order to prove our claim. 
where 0 ≤ i ≤ n−1 (the two extreme values corresponding to the degenerate terms (∆ λ1...λn ⊗ I) Ψ 1 . . . Ψ n−1 and Ψ 1 . . .Ψ n−1 (∆ λ1...λn ⊗ I)), and the generic symbolΨ j represents either the map Ψ j or the map P Ψ j P .
Proof. Let us prove the theorem by induction. The first nontrivial case n = 2 can be solved directly. Now, suppose that we proved the thesis for n, and let us examine the n + 1 case. By applying the inductive hypothesis, we can decompose the map (∆ λ1 ⊗ I) Ψ 1 (∆ λ2 ⊗ I) . . . (∆ λn ⊗ I) Ψ n (∆ λn+1 ⊗ I)
as a convex combination of terms of the form Ψ 1 . . .Ψ i (∆ λ1...λn ⊗ I) Ψ i+1 . . . Ψ n−1 Ψ n (∆ λn+1 ⊗ I) (102) (for the notation see the above explanation). Now, equation (101) allows us to write (∆ λ1...λn ⊗ I) Ψ i+1 . . . Ψ n−1 Ψ n (∆ λn+1 ⊗ I) as a convex combination of the three terms Ψ i+1 . . . Ψ n−1 Ψ n (∆ λ1...λnλn+1 ⊗ I) , P Ψ i+1 . . . Ψ n−1 Ψ n P (∆ λ1...λnλn+1 ⊗ I) , (∆ λ1...λnλn+1 ⊗ I) Ψ i+1 . . . Ψ n−1 Ψ n .
Once inserted into (102), all these terms fit into the general form (100) (taking into account also also (98)), and we are done.
As a corollary of this result, we can easily prove that multiple-stage LOCC filters can not save the entanglement against a local depolarizing noise. Indeed, even allowing general separable filters does not improve the situation. Observe that a general, multiple-stage separable filter can be always written as a sum of terms of the form (∆ λ1 ⊗ I) Ψ 1 (∆ λ2 ⊗ I) . . . (∆ λn−1 ⊗ I) Ψ n−1 (∆ λn ⊗ I) , where the Ψ i are separable, in general non-tracepreserving maps (see also (87)). Now we are ready to state our final result.
Corollary 11.
Let Ψ 1 , . . . , Ψ n−1 ∈ S be separable maps acting on a twoqubit bipartite system, and take − where we use the same notation of (100). Now, we want to prove that every such a term is indeed entanglementannihilating. The thesis will follow thanks to the convexity of the EA set. Since λ 1 . . . λ n ≤ 1 d+1 , (33) guarantees that ∆ λ1...λn ∈ EBt. As a consequence, (92) implies that ∆ λ1...λn ⊗I ∈ EAt. By applying (94), it follows that also (∆ λ1...λn ⊗ I) Ψ i+1 . . . Ψ n−1 ∈ EA .
Finally, using (93) and (97) we can conclude that Ψ 1 . . .Ψ i (∆ λ1...λn ⊗ I) Ψ i+1 . . . Ψ n−1 ∈ EA .
VII. CONCLUSIONS
In this paper we introduced and studied some functionals to characterize the entanglement-breaking behavior of the iterations of a given channel. The scenario in which Alice is allowed to play an active role against the noise, by interposing appropriate local filters between two consecutive applications of the noise, is deeply analyzed. Also the more general case in which Alice and Bob can implement general LOCC (or separable) filters is presented, and completely solved for a depolarizing noise acting on a two-qubit system. We examined some examples in which the best strategy can be provably found, and all our indices analytically calculated. Furthermore, a nontrival counterexample (valid in all dimensions d ≥ 3) is presented, showing that the best filtering strategy is not always unitary. We remark that the corresponding question for the qubit case is still open, even if we were able to prove two partial results pointing out that such a counterexample could not exist for two-dimensional systems. Another interesting problem on which we are currently working, is the characterization of those channels exhibiting divergent values of some entanglement-breaking indices.
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